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It has been known for many years t h a t  any solenoidal  f i e l d  - f o r  
instance,  a magnetic f i e l d  2 - can be represented as t h e  cross product 
of t he  grad ien ts  of two sca la rs ,  usually denoted by a and B 
I n  f a c t  it w a s  E u l e r  (1769), who f i r s t  used this representat ion;  f i gu re  1 
is taken from one of h i s  works. In t h i s  f igure,  u, v and w are the  Cartesian 
components of the f i e ld  vector,  and one sees - apart from the  i r r e l evan t  
functions I?, A and C, and from the f a c t  t h a t  N e r  used no spec ia l  
no ta t ion  f o r  p a r t i a l  der iva t ives  - t ha t  they are given by the cross product 
of t he  gradients  of the  sca l a r s  F and G. It therefore  appears appropriate  
t o  r e f e r  t o  such sca l a r s  as Euler poten t ia l s .  
The advantage of M e r  poten t ia l s  i s  tha t ,  by de f in i t i on ,  
are both perpendicular t o  the  f i e l d  vector B. Because of t h i s  property, 
- B i s  t angen t i a l  t o  surfaces  of constant a and of constant B ,  and t h e  
in t e r sec t ions  of pa i r s  of such surfaces y i e l d  f i e l d  l i n e s .  In other  words, 
each f i e l d  l i n e  is  labe led  by a pa i r  of constant values, assumed by the  
va and vfl 
- 
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functions a and f3 which a r e  conserved on it. 
I n  c l a s s i c a l  electrodynamics, f i e l d  l l n e s  play a r e l a t i v e l y  minor ro le ,  
and f o r  this  reason the  study of N e r  poten t ia l s  has been neglected f o r  a 
long t i m e .  On the  other hand, f i e l d  l i n e s  are important i n  plasma physics 
and i n  t h e  motion of charged pa r t i c l e s ,  and indeed, it w a s  i n  t h i s  connection 
t h a t  E u l e r  po ten t i a l s  were 
t i c a l  wclrk by Northrop and others .  
reintroduced during t h e  last  decade, i n  theore- 
The purpose of t h i s  work i s  t o  review some recent  r e s u l t s  on geomagne- 
t i c  Euler po ten t ia l s .  It w i l l  be shown t h a t  they can serve not only as a 
purely theo re t i cg l  t o o l  bu t  as a p rac t i ca l  one, as something t h a t  can be 
expressed and used i n  a similar manner as can, f o r  instance, t he  geomagne- 
t i c  s c a l a r  po ten t i a l  . . .- 
The d i f f i c u l t y  i n  t r y i n g  t o  do so arises from the  f a c t  t h a t  t h e  
representat ion i s  nonlinear, s ince it contains products of der iva t ives  
of a and B .  Because of t h i s  nonl inear i ty ,  M e r  po ten t i a l s  are in 
general  hard t o  obtain exp l i c i t e ly ,  except f o r  c e r t a i n  f i e l d s  w i t h  a high 
degree of symmetry. One may not, i n  such a der ivat ion,  resolve t h e  f i e l d  
i n t o  simple components and then add up t h e i r  N e r  poten t ia l s ,  because 
superposit ion does not  e x i s t  i n  t h i s  case. 
One may,however, make use of  t he  f a c t  t h a t  t he  geomagnetic f i e l d  - t o  
which we now r e s t r i c t  t he  discussion - i s  c o t  too d i f f e r e n t  from a dipole  
f i e l d ,  f o r  which N e r  po ten t i a l s  are  r ead i ly  found. Denoting by a t h e  
e a r t h ' s  radius,  by g: 
expansion of the  sca l a r  po ten t i a l  
associat,ed with the  dipole  f i e ld ,  these a r e  (one choice out of many 
possible)  
the  dipole  coef f ic ien t  i n  t h e  spher ica l  harmonic 
. and by subscr ip t  zero any quant i ty  
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0 2 a, = a gl (a/r) sin e 
One notes that Bo is proportional to the azimuth angle 0 , 
signifying that dipole field lines lie in meridional planes, whereas 
is proportional to 
along dipole field lines. Using the complete spherical harmonic expansion 
of 
the dipole Euler potentials of equation (2), yields a better approximation 
to a and p of the geomagnetic field. The correction turns out to have 
an analytical form and to be fairly simple, but its derivation is too 
lengthy to be included here. Details may be found in the work of Stern 
(1967), and the method is also related to that of Pennington (1967). 
Uo 
2 sin 8/r  , a quantity which is known to be conserved 
?f , one can now obtain a first-order correction which, when added to 
One possible application of the results is the labeling of conjugate 
points, as given in Figure 2, which shows a map of a and 6 on the 
earth's surface. 
a. Dair of constants, which are the values of a and B on it. A pair of 
conjugate points, threaded by the same field line, is therefore identined 
on this map as a pair of points having the same values of a and fl . 
As has been noted, each field line is characterized by 
The map shown here is based on first-order potentials, and is accurate 
within about 2 degrees. 
accurate values, not only on the earth's surface 
surrounding space. In principle, this could have been accomplished by 
carrying the approximation to its second order, which a l s o  has analytical 
form. 
The next step would be the derivation of more 
but in the entire 
In fact, such a derivatiog and the results it gives are lengthy and 
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inconvenient, s o  t h a t  it appears t o  be b e t t e r  t o  evaluate the  higher correc- 
t i o n  numerically. 
i n  t he  model t h e  e f f e c t s  of a r i n g  current, bu t  the d e t a i l s  are beyond the 
scope of t h i s  b r i e f  review. 
This approach a l s o  appears t o  be u s e m  f o r  including 
Another appl ica t ion  concerns t h e  ex terna l  magnetosphere. For t h i s  
region, models have been developed (Mead, 1964) 
the  s c a l a r  po ten t i a l  includes terms increasing with dis tance,  and i n  
general ,  among these t e r m s ,  two - involving t h e  coe f f i c i en t s  and 
g, 
i n  which t h e  expansion of 
-1 - a r e  by far the  most important. 
S t a r t i n g  from a m o d e l  including o n l y  t he  dipole  p a r t  and the  above two 
terms, on can der ive f i r s t -o rde r  Euler po ten t i a l s  
The fea tures  of t h i s  model a r e  shown i n  IiguLt. 3, g2;%g F+. l i n e s  of 
constant a 
meridian. 
t he  magnetosphere - probably b e t t e r  so  than the  current-free model from 
which it w a s  derived. 
it is not current  free, and it is in te res t ing  t o  note  t h a t  it has 3 neu t r a l  
po in ts  - two i n  f ron t  and one i n  the rear, where one may perhaps s p l i c e  
onto it a neu t r a l  sheet .  
(which i n  t h i s  case a r e  a l s o  f i e l d  l i n e s )  i n  the  noon-midnight 
A s  can be seen, t h e  model f i t s  surpr i s ing ly  w e l l  our concepts of 
Because an approximation w a s  used i n  i t s  der ivat ion,  
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Figure 4 gives t h e  equator ia l  cross sec t ion  of the model, with s o l i d  
l i n e s  giving l i n e s  of constant B andbroken ones those of constant a . 
One can observe here how f i e l d  l i n e s  are swept backwards, a result a l s o  
obtained from other models. 
The remainder of t h i s  work w i l l  discuss the  equations of d r i f t  she l l s ,  
t h a t  is, of surfaces t raced by trapped p a r t i c l e s  i n  t h e i r  ad iaba t ic  motion. 
A s  w i l l  be seen, such equations are most  na tu ra l ly  expressed by means 
Euler po ten t i a l s .  
of 
Because d r i f t  s h e l l s  a r e  tangent ia l  t o  f i e l d  l i nes ,  t h e i r  equations 
have t h e  form 
f b , B )  = 0 
or 
The e n t i r e  co l lec t ion  of dr i f t  s h e l l s  i n  the  geomagnetic f i e l d  can be 
character ized by two parameters, depending on the  associated ad iaba t i c  
invar ian ts  of each s h e l l .  
meters t h e  f i e l d  i n t e n s i t y  
a f i e l d  l i n e  
In  par t icu lar ,  one may choose f o r  such para- 
Em aL ZIC x 2 r r z r  y i n t  and t h e  i n t e g r a l  along 
I =  2/ 1 - B/Bm dC 
BLB,  
The e n t i r e  family may thus be described by an equation of the  form 
(7)  
In a dipole field, as was seen in equation ( 2 ) ,  B o  is proportional to 
the azimuth angle @I and, due to axial symmetry, does not appear in the 
preceding equation. Equation (8) may therefore be rewritten in the form 
constant 'm (9) 
where L(I,B,) is some function of the parameters I and Bm and is in 
fact the same as the function L introduced by McIlwain (1961) and 
widely used. In a perturbed dipole field, there will be an additional I I  shell 
splitting" correction term, which brings the equation to the form 
constant 
a =  L(I,B,) -t G, (r, 0, @,qJ 
This term gives the next step beyond using L alone to label drift 
shells (as experimenters nowadays do), since it describes the variation 
between shells having the same value of L . An approximation to G, may 
be obtained by using first-order Euler potentials (Stern, to be published); 
the results are equivalent to those obtained by FeIuiiigki: (L:61!= T . r h n  
used a perturbation technique to obtain approximate magnetic shells for the 
geomagnetic field. 
Shell splitting increases with departure from axial symmetry and is 
thus most pronounced in the external magnetosphere. 
instructive to examine some results on the deformation and splitting of 
drift shells obtained with the previously described magnetospheric model, 
for which the first-order shell splitting function is readily found. 
It is, therefore, most 
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I n  t h i s  model, we launched pa r t i c l e s  with various p i t ch  angles from 
given poin ts  i n  the  equator ia l  plane, and asked where they would pass t h i s  
plane on the  opposite s ide  of t he  earth.  Figure 5 shows t h e  nights ide 
in t e r sec t ions  of p a r t i c l e s  s t a r t i n g  from 7 e a r t h  r a d i i  on the  noon s ide .  
Two methods were used - a perturbat ion method using a f i r s t -o rde r  approxi- 
mation t o  GI , and an exact method using ad iaba t ic  invar ian ts .  It i s  
evident t h a t  t he  two methods agree quite well, and a l s o  t h a t  t he  d r i f t  
s h e l l s  depart  considerably from a x i a l  symmetry. 
Next we did something requir ing more accuracy but  a l s o  more i n t e r e s t i n g  
- we l e t  t h e  i n i t i a l  p i t ch  angle of each p a r t i c l e  be sca t t e red  downwards by 
one degree, and examined, by haw much did such sca t t e r ing  cause t h e  midnight 
i n t e r sec t ion  t o  move r ad ia l ly .  The r e s u l t s  a r e  given i n  Figure 6, and one 
notes t h a t  t he  agreement between the  two methods is  only qua l i t a t ive ,  t h i s  
being a more sens i t i ve  t e s t .  With e i the r  method, however, t h e  i n t e r e s t i n g  
f a c t  emerges 
around TO0 t o  move fu r the r  r a d i a l l y  t,han those with e i t h e r  l a r g e r  or smaller 
p i t ch  angles.  If, as has been suggested, t he  combination of asymmetry and 
si-,izLL x g l n  scRt,tering i s  an important mechanism i n  t ranspor t ing  rad ia t ion-  
b e l t  p a r t i c l e s  across f i e l d  l i n e s ,  then t h e  preceding would imply t h a t  such 
t r anspor t  i s  s t rongly pitch-angle dependent, being most e f f i c i e n t  f o r  p i t ch  
angles around 70 . 
t h a t  such sca t t e r ing  causes p a r t i c l e s  with p i t c h  angles 
0 
I n  conclusion, it appears t h a t  Euler po ten t i a l s  have considerable 
p r a c t i c a l  use, f o r  inves t iga t ion  of conjugacy and f o r  broader purposes. 
t h e  future ,  it i s  hoped the  avenues sketched out here w i l l  a l l  be ful ly  
explored, and Euler po ten t i a l s  w i l l  become one of t he  standard t o o l s  of 
t he  t r ade .  
In 
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Captions t o  Figures 
Figure 1 - No caption 
Figure 2 - Lines of constant f i r s t - o r d e r  Euler po ten t i a l s  on t h e  
Figure 3 
Figure 4 
Figure 5 
Figure 6 
e a r t h ‘ s  surface.  Plot ted are p/a i n  10-degree i n t e r v a l s ,  
as w e l l  as (agp/a) - the  quant i ty  which i n  a d ipole  f i e l d  
equals  t he  equator ia l  crossing d is tance  i n  e a r t h  r a d i i  - 
f o r  the  values ( increasing with d is tance  from the  
geomagnetic equator ,  which i s  a l s o  shown) 1 ,  1.05, 
1.1, 1.25, 1 .5 ,  1.75, 2 ,  2.5, 3 ,  4, 5 and 10 e a r t h  r a d i i .  
Lines of constant a i n  t he  noon-midnight meridian of the  
f i r s t - o r d e r  magnetospheric model. Values given are those 
of (ag?/Q). 
Lines of constant p ( so l id )  and of constant a (broken) 
i n  the  equator ia l  plane of t he  f i r s t - o r d e r  model 
magnetosphere. 
The equator ia l  crossing d is tance  i n  e a r t h  r a d i i  on the 
midnight meridian, for  p a r t i c l e s  s t a r t i n g  with various 
Values  given are those of (ag? /a) .  
p i t ch  angles  on the equator a t  .? K UII I-I- clIL - VI_...l- - * . n r . r o r A  q i  de. e ’  
The night-time rad ia l  displacement i n  e a r t h  r a d i i  r e s u l t i n g  
from a one-degree p i tch  angle s c a t t e r i n g ,  f o r  p a r t i c l e s  
s t a r t i n g  with various p i t ch  angles on the  equator a t  7 R 
on the  sunward s ide .  
e ’  
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SCHOLION 2 
49. Ex aolutione problematis, dum p r  gradus ad wquationem pro. 
positnm suniiis pro-i, cDdum. quo fluidi d o n s i b  q eat wnstarrs e t  prrnin 
rcsdwrc poterimus, quod eo mngk rRt, notnnditm. quwl lwiua soliitionrm ex 
gc~rcrali, qunm dedimus, dcrivaru rrou liwt. Q~rntnquaru nutcvn liic trcs lnnhni 
varialiiles 2, y ct  2 considurantur, turiirti nihil impdit ,  qiio~~riniis in ualiitioiis 
ilii data etinm quartum 1 introducamiia, cain qunai ainsiankm spctanclo. 
Surntis ergo pro lubitu duabiia fuuct.ioiiihis F, Q quntuor varinbilium z. y, z 
ct  6. ex iis tsrnw mleritatea I), I c t  u' ita determinsbaiiI.ur. ut nit 
ubi totum momentum iterum in eo est situm, quod cuivio membra cuiuiqiir 
formae in mliquio rapondost diquod, quod cum BO datum factorem haha: 
oomrnunem et *gno amt rv io  sit sffectum. Totus iutmn hi0 caws, quo den. 
sitan fluidi eat q u s n t i b  conntin& meretur, ut  seonim diligentium evolvatur. 
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